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Abstract
In this paper we show that many well-known counting coefficients, including the Catalan numbers,
the Motzkin numbers, the central binomial coefficients, the central Delannoy numbers are Hausdorff
moment sequences in a unified approach. In particular we answer a conjecture of Liang at al. which
such numbers have unique representing measures. The smallest interval including the support of
representing measure is explicitly found. Subsequences of Catalan-like numbers are also considered.
We provide a necessary and sufficient condition for a pattern of subsequences that if sequences
are the Stieltjes Catalan-like numbers, then their subsequences are Stieltjes Catalan-like numbers.
Moreover, a representing measure of a linear combination of consecutive Catalan-like numbers is
studied.
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1. Introduction
Let N0 (resp., R) be the set of nonnegative integers (resp., real numbers). Let K be a closed
subset of R. A nonnegative Borel measure µ on R is called a K-measure if its support, denoted
by supp(µ), is contained in K. The symbol R[x] denotes the ring of polynomials in x with real
coefficients. The integral
∫
K
xndµ, if it exists, is called the n-th moment of the measure µ. A
sequence y = (yn)n≥0 is said to admit a K-measure µ if
yn =
∫
K
xndµ, for all n ∈ N0. (1.1)
Such µ is called a K-representing measure for y and y is called a K-moment sequence. When K = R
(resp. K = [0,∞), K = [a, b]), the sequence y is also called a Hamburger(resp. Stieltjes, Hausdorff)
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moment sequence. A moment sequence is called determinate, if there is a unique representing
measure such that (1.1) holds; otherwise it is called indeterminate. For more information, see
references [22, 23, 3, 11] and references therein.
Given sequence y = (yn)n≥0, we denote
Hm(y) :=

y0 y1 · · · ym
y1 y2 · · · ym+1
...
...
. . .
...
ym ym+1 · · · y2m
 , H˜m(y) :=

y1 y2 · · · ym+1
y2 y3 · · · ym+2
...
...
. . .
...
ym+1 ym+2 · · · y2m+1
 . (1.2)
Denote ∆m(y) := det(Hm(y)) for all m ∈ N0. It is well known that y is a Hamburger moment
sequence if and only if Hm(y) is positive semidefinite for all m ∈ N0, and y is a Stieltjes moment
sequence if and only if both Hm(y) and H˜m(y) are positive semidefinite for all m ∈ N0, equivalently,
Hm(y) is totally positive for all m ∈ N0.
Aigner[1, 2] introduced a unified approach for many well-known combinatorial sequences includ-
ing the Catalan numbers, the Ridordan numbers, the Fine numbers, the Motzkin numbers, the
Schro´der numbers, and so on.
Let σ = (sk)k≥0 and τ = (tk)k≥1 be two sequences of real numbers with tk+1 6= 0 for all k ∈ N0
and define an infinite lower triangle matrix R := Rσ,τ = [rn,k]n,k≥0 by the recurrence relations
r0,0 = 1, rn+1,k = rn,k−1 + skrn,k + tk+1rn,k+1, (1.3)
where rn,k = 0 unless n ≥ k ≥ 0. Clearly, all rn,n = 1. R is called the recursive matrix and rn = rn,0
is the nth Catalan-like numbers corresponding to (σ, τ).
Example 1.1. The following well-known counting coefficients are Catalan-like numbers.
(i) the Catalan numbers Cn when σ = (1, 2, 2, . . .) and τ = (1, 1, 1, . . .);
(ii) the shifted Catalan numbers Cn+1 when σ = (2, 2, 2, . . .) and τ = (1, 1, 1, . . .);
(iii) the Motzkin numbers Mn when σ = τ = (1, 1, 1, . . .);
(iv) the central binomial coefficients
(
2n
n
)
when σ = (2, 2, 2, . . .) and t = (2, 1, 1, . . .);
(v) the central trinomial coefficients Tn when σ = (1, 1, 1, . . .) and t = (2, 1, 1, . . .);
(vi) the central Delannoy numbers Dn when σ = (3, 3, 3, . . .) and τ = (4, 2, 2, . . .);
(vii) the large Schro´der numbers rn when σ = (2, 3, 3, . . .) and τ = (2, 2, . . .);
(viii) the little Schro´der numbers Sn when σ = (1, 3, 3, . . .) and τ = (2, 2, . . .);
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(ix) the Fine numbers Fn when σ = (0, 2, 2, . . .) and t = (1, 1, 1, . . .);
(x) the Riordan numbers Rn when σ = (0, 1, 1, . . .) and t = (1, 1, 1, . . .).
(xi) the (restricted) hexagonal numbers hn when σ = (3, 3, 3, . . .) and τ = (1, 1, 1, . . .);
Liang at al.[13] showed that these types of sequences are Stieltjes moment sequences in unified
setting. Wang[25] showed that Stieltjes moment sequences are infinitely log-convex. Chen at al. [9]
presented some sufficient conditions such that the recursive matrix is totally positive. They also
proved that many well-known sequences are log-convex[8]. For more recent work, see [24, 14].
[13] remarked that it is questionable if many well-know sequences are determinate. To check
whether a given moment sequence is determinate is an important problem, but very difficult. The
reader is referred to [22, Chapter 4] for a comprehensive study and [15] for recent results.
It is well-known that Hausdorff moment sequences are determinate. Answering this conjecture,
our main result is the following.
Theorem 1.1. The Catalan-like numbers corresponding to σ = (p, s, s, . . .) and τ = (q, t, t, . . .) with
p > s− 2√t and max{q, t} < s+2√t are [s− 2√t, s+2√t]-moment sequences with ∣∣ supp(µ)∣∣ =∞.
Many well-known Catalan-like numbers have the form σ = (p, s, s, . . .) and τ = (q, t, t, . . .) It
shows that all sequences in Example 1.1 are Hausdorff moment sequences, implying that each has
the unique representing measure. Specifically, the following are shown.
(1) The Catalan numbers Cn, the shifted Catalan numbers Cn+1, the central binomial coefficients(
2n
n
)
, and the Fine numbers Fn are [0, 4]-moment sequences.
(2) The Motzkin numbers Mn, the central trinomial coefficients Tn, and the Riordan numbers Rn
are [−1, 3]-moment sequences.
(3) The central Delannoy numbers Dn, the large Schro´der numbers rn, and the little Schro´der
numbers Sn are [3− 2
√
2, 3 + 2
√
2]-moment sequences.
(4) The (restricted) hexagonal numbers hn are [1, 5]-moment sequences.
Using these results, we also provide a necessary condition for each Catalan-like numbers to be a
Hausdorff moment sequence in Corollary 3.1. For such necessary condition it is required to find the
closed interval including the support.
Finding integral representations of well-known counting numbers has been studied([19] and ref-
erence therein). Finding a correct interval of the support of the representing measure will help one
find an integral representations.
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Next new sequences from Catalan-like numbers are considered. We mainly consider two different
type of new sequences: (1) subsequences of Catalan-like numbers; (2) linear combinations of Catalan-
like numbers.
It is shown that a necessary and sufficient condition for nk which the subsequence (ynk)n≥0 is
Stieltjes moment sequences for all Stieltjes moment sequences (yn)n≥0 is
nk = dk + ℓ for all k ∈ N0,
where d, ℓ ∈ N0.
Bouras[7] considered the determinant of Hm(z) where z = (zn)n≥0 is defined as a linear combi-
nation of three successive shifted Catalan numbers
zn = α0Cn+k + α1Cn+k+1 + α2Cn+k+2 for all n ∈ N0,
where α0, α1, α2,∈ R and k is an arbitrary positive integer. It was shown that such linear com-
bination can be expressed in terms of the moments of a linear functional related to Jacobi linear
functional, based on the well-known relation between orthogonal polynomials and Hankel determi-
nants.
Mu, Wang, and Yeh (2017) considered this in more general setting [17]. They unify many known
results of Hankel determinant evaluations for well-known counting numbers. They show an explicit
form for the determinant of a linear combination of consecutive Catalan-like numbers. We focus
on the representing measures of the new sequences instead of the determinants. For Catalan-like
numbers r = (rn)n≥0, we consider a new sequence r˜ = (r˜n)n≥0 defined by
r˜n = α0rdn+ℓ + α1rdn+ℓ+1 + α2rdn+ℓ+2 + · · ·++αmrdn+ℓ+m,
where αi ∈ R is given for all 0 ≤ i ≤ m and d, ℓ ∈ N0.
Finding the the smallest closed interval including the support of representing measure for each
Catalan-like numbers is required to study this type of new sequences.
2. Preliminaries
In this section we introduce powerful tools for a study of one-dimensional moment problems:
Riesz functional and orthogonal polynomials. Readers are referred to the reference [10, 22] for
deeper treatment of the results.
For a sequence, y = (yn)n≥0, define a Riesz functional Ly acting on R[x] as
Ly
[∑
cnx
n
]
=
∑
cnyn.
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We write simply L instead of Ly when it is understood well.
We say that L is K-positive if
Ly(p) ≥ 0 ∀p ∈ R[x] : p|K ≥ 0. (2.1)
When K = R, we call positive instead of K-positive.
The K-positivity of Ly is a necessary condition for y to admit a K-measure. Conversely, the clas-
sical theorem of M. Riesz[21] provides a fundamental existence criterion for K-representing measures
and Haviland[12] provides the generalization in Rn.
Theorem 2.1 (Riesz-Haviland). A sequence y = (yn)n≥0 admits a representing measure supported
in the closed set K ⊂ R if and only if Ly is K-positive.
From now on, we will collect well-known results about Riesz functional and orthogonal polyno-
mials.
A sequence {Pn(x)}n≥0 is called an orthogonal polynomial sequence(in short, OPS) with respect
to L if it satisfies that
deg (Pn) = n and L[PmPn] = Knδmn (Kn 6= 0) for all m,n ∈ N0.
When Kn = 1 for all n ∈ N0, such an OPS is called an orthonormal polynomial sequence.
There exists an explicit formulas for the orthogonal polynomial sequences (see [22, Proposition
5.3]).
Theorem 2.2. For a sequence y = (yn)n≥0, let Ly be a Riesz functional. Then the monic OPS for
Ly is expressed as
Pn(x) =
1
∆n−1(y)
det

y0 y1 · · · yn
y1 y2 · · · yn+1
...
...
. . .
...
yn−1 yn · · · y2n−1
1 x · · · xn

,
provided that ∆n(y) 6= 0 for all n ∈ N0..
In fact, the condition ∆n(y) 6= 0 for all n ∈ N0. is a necessary and sufficient condition for the
existence of an OPS for Ly. Such Ly is called quasi-definite.
Theorem 2.3 ([10], Theorem 4.1, Chapter 1). Let Ly be a quasi-definite Riesz functional and let
{Pn(x)}n≥0 be the corresponding monic OPS with respect to Ly. Then there exist σ = (sk)k≥0 and
τ = (tk)k≥1 with tk+1 6= 0 for all k ∈ N0 such that
Pk+1(x) = (x− sk)Pk(x) − tkPk−1(x) for all k ∈ N0, (2.2)
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where we definite P−1(x) = 0 and t0 is arbitrary. Furthermore, for each k ∈ N0
sk =
Ly[xP 2k (x)]
Ly[P 2k (x)]
and tk+1 =
Ly [P 2k+1(x)]
Ly [P 2k (x)]
=
∆k−1(y)∆k+1(y)
(∆k(y))2
. (2.3)
Moreover, if Ly is positive-definite (i.e., Ly[π(x)] > 0 for all nonzero positive polynomial π(x)), then
sk ∈ R and tk+1 > 0 for all k ∈ N0.
Theorem 2.4. (Favard’s Theorem) Let σ = (sk)k≥0 and τ = (tk)k≥1 be arbitrary sequences of
complex numbers and let {Pn(x)}n≥0 be defined by the recurrence formula
P−1(x) = 0, P0 = 1, Pk+1(x) = (x− sk)Pk(x) − tkPk−1(x) for all k ∈ N0, (2.4)
Then, there exists an unique Riesz functional L such that
L[1] = t0, L[Pm(x)Pn(x)] = 0 for all m,n ∈ N0 with m 6= n. (2.5)
Moreover, L is quasi-definite and {Pn(x)}n≥0 is the corresponding monic OPS if and only if tk+1 6= 0
for all k ∈ N0. L is positive-definite if and only if sk ∈ R and tk+1 > 0 for all k ∈ N0.
Aigner[2] showed an interesting connection between recursive matrices and coefficients of monic
OPS.
Theorem 2.5. Let y = (yn)n≥0 be a sequence. Then the following are equivalent:
(1) y is the Catalan-like numbers corresponding to (σ, τ);
(2) ∆m(y) 6= 0 for all m ∈ N0 ;
(3) There exists a recursive matrix Rσ,τ = [rn,k]n,k≥0 such that rn,0 = yn for all n ∈ N0;
(4) There exists an monic OPS, {Pn(x)}n≥0, with respect to Ly ;
(5) There exist constants σ = (sk)k≥0 and τ = (tk)k≥1 with tk 6= 0 satisfying (2.2);
(6) There exists a quasi-definite Riesz functional Ly.
Proof. Let τ = (tk)k≥1 be two sequences of real numbers with tk+1 6= 0 for all k ∈ N0. By the
observation in [2] (1) and (2) are equivalent. By the definition of the Catalan-like numbers, (1) and
(3) are equivalent. By Theorem 3.1, Chapter 1[10], (2) and (4) are equivalent. By Theorem 2.3 and
2.4, (4) and (5) are equivalent. By the definition of quasi-definite Riesz functional, (2) and (6) are
equivalent.
Theorem 2.6. Let y = (yn)n≥0 be a sequence. Then the following are equivalent:
(1) y is a positive sequence and the Catalan-like numbers;
(2) y is a positive definite sequence;
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(3) ∆m(y) > 0 for all m ∈ N0;
(4) y admits a K-measure µ with K ⊆ R such that ∣∣ supp(µ)∣∣ =∞;
(5) There exists a recursive matrix Rσ,τ = [rn,k]n,k≥0 such that rn,0 = yn and tk > 0 for all n, k;
(6) There exists an monic OPS, {Pn(x)}n≥0, with respect to positive-definite Ly;
(7) There exist constants σ = (sk)k≥0 and τ = (tk)k≥1 with tk > 0 satisfying (2.2);
(8) There exist constants σ = (sk)k≥0 and τ = (tk)k≥1 with tk > 0 satisfying (1.3);
(9) There exists a positive-definite Riesz functional Ly satisfying (2.5).
Proof. Note that y is the Catalan-like numbers if and only if ∆m(y) 6= 0 for all m ∈ N0. By the
definition of the positive definite sequence, (1), (2), and (3) are equivalent. By Theorem 2.7, (2) and
(4) are equivalent. By a similar proof of Theorem 2.5, it is easy to check the remainder.
If a sequence is positive, then there are two disjoint classes as follows.
(i) The sequence y is positive definite if the Hankel matrixHm(y) is positive definite for all n ∈ N0.
(ii) The sequence y is positive semidefinite if it is not positive definite.
Observe that if a sequence is positive semidefinite, then the Hankel matrix Hm(y) is positive semidef-
inite for all n ∈ N0 and at least one of them is singular. In fact, once one of the finite Hankel matrix
is singular, all the following ones are also singular. Based on this definition, the sets of positive
definite sequences and positive semidefinite sequences are mutually disjoint.
Theorem 2.7 ([26], Theorem 12a). A necessary and sufficient condition that there exists a non-
negative Borel measure µ with
∣∣ supp(µ)∣∣ =∞ (resp. ∣∣ supp(µ)∣∣ <∞) such that
yk =
∫
R
xkdµ for all k ∈ N0 (2.6)
is that the sequence y is positive definite (resp. positive semidefinite).
When the Riesz functional is positive, there is an intimate relationship between the zeros of the
corresponding orthogonal polynomials and the support of representing measure. We maintain the
hypothesis that the Riesz functional L is positive. For proof of each theorem and proposition, see
[10] and references therein.
We denote the zeros of Pn(x) by xni with
xn1 < xn2 < · · · < xnn.
We denote
U = {ξi|i = 1, 2, 3, . . .}, V = {ηj|j = 1, 2, 3, . . .},
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where
ξi = lim
n→∞
xni, ηj = lim
n→∞
xn,n−j+1 i, j = 1, 2, 3, . . . .
Since ξi−1 ≤ ξi < ηj ≤ ηj−1, we define
ξ =
−∞ if ξi = −∞ for all i = 1, 2, . . . ,limi→∞ ξi otherwise.
η =
+∞ if ηj = +∞ for all j = 1, 2, . . . ,limj→∞ ξj otherwise.
Taking ξ0 = −∞ and η0 = +∞, we have
−∞ = ξ0 ≤ ξ1 ≤ ξ2 ≤ · · · ≤ ξ ≤ η ≤ · · · ≤ η2 ≤ η1 ≤ η0 = +∞.
Note that when ξ and η are both finite, supp(µ) = U ∪ S ∪ V with S ⊆ [ξ, η]. For more
information, see [10, p.63].
For each n ∈ N0 we denote
αn(x) =
tn+1
(sn − x)(sn+1 − x) .
Definition 2.1. The closed interval, [ξ1, η1], is called the true interval of orthogonality of the OPS
(of L).
The true interval of orthogonality is the smallest closed interval that contains all of the zeros of
all Pn(x). Obviously the true interval of orthogonality is the smallest closed interval that includes
supp(µ)(see [10, Theorem 3.2]).
The theory of chain sequences can provide a relation between the true interval of orthogonality,
[ξ1, η1], and the sequences σ = (sk)k≥0 and τ = (tk)k≥1.
Definition 2.2. A sequence y = (yn)n≥0 is called a chain sequence if there exists a sequence (gk)k≥0
such that
(i) 0 ≤ g0 < 1,
(ii) 0 < gn+1 < 1 for all n ∈ N0,
(iii) yn = (1− gn)gn+1 for all n ∈ N0.
Such (gk)k≥0 is called a parameter sequence for y, and g0 is called an initial parameter.
For the proof of the following theorems, see [10, Theorem 2.1–2.2, Chapter IV].
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Theorem 2.8. ξ1 ≥ a if and only if
(i) sn > a for all n ∈ N0,
(ii) (αn(a))n≥0 is a chain sequence.
Corollary 2.1. η1 ≤ b if and only if
(i) tn < b for all n ∈ N0,
(ii) (αn(b))n≥0 is a chain sequence.
We will mainly use Theorem 2.8 and Corollary 2.1 to prove Theorem 3.1, which is one of our
main results.
3. Catalan-like numbers with yn(p, s; q, t)
As a main result, we given an affirmative answer to the question of [13], we will show that many
well-known Catalan-like numbers are Hausdorff moment sequences.
We denote by y(p, s; q, t) the Catalan-like numbers corresponding to σ = (p, s, s, . . .) and τ =
(q, t, t, . . .). Remark that many well-known Catalan-like numbers are of the such form.
Theorem 3.1. If p > s− 2√t and max{q, t} < s+ 2√t, then the Catalan-like numbers y(p, s; q, t)
form a Hausdorff moment sequence such that the support of representing measure is contained
in [s − 2√t, s + 2√t]. In fact, [s − 2√t, s + 2√t] is the smallest interval including the support.
Furthermore, if y(p, s; q, t) additionally holds the condition, s ≥ 2√t, then it is also Stieltjes moment
sequence as well.
Proof. For the Catalan-like numbers yn corresponding to σ = (p, s, s, . . .) and τ = (q, t, t, . . .). We
find x ∈ R such that (αn(x))n≥0 is a chain sequence, i.e.,
αn(x) =

q
(p− x)(s − x) = (1− g0)g1 if n = 0
t
(s− x)2 = (1− gn)gn+1 otherwise n ≥ 1.
Assume that gn is convergent to the limit, called g. Then we have
lim
n→∞
αn(x) =
t
(s− x)2 = (1− g)g.
Since 0 ≤ g ≤ 1, it holds that x ≤ s − 2√t or x ≥ s + 2√t. By Theorem 2.8 and Corollary 2.1, it
follows that [ξ1, η1] ⊆ [s− 2
√
t, s+ 2
√
t].
Using the fact in [10, p.121], we have ξ = s − 2√t and η = s+ 2√t. Thus, s − 2√t ≤ ξi ≤ ξ =
s− 2√t and s+ 2√t = η ≤ ηj ≤ s+ 2
√
t.
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It is easy to check that
1− q√
t(p− s+ 2√t) ,
1
4
,
1
4
,
1
4
, . . .
is a parameter sequence for αn(s− 2
√
t).
Theorem 3.13 in [22] states that a sequence y is an [a, b]-moment sequence if and only if Hm(y)
and (a + b)Hm(Ey) − Hm(E(Ey)) − abHm(y) are positive semidefinite for all m ∈ N0. Here Ey
denote the shifted sequence given by (Ey)n = (yn+1), n ∈ N0.
Corollary 3.1. (1) When y = yn(p, 2; q, 1) satisfy p > 0 and 0 < q < 4, then it has a representing
measure with the support contained in [0, 4], which is equivalent to Hm(y) ≥ 0 and Hm(4Ey−
E(Ey)) ≥ 0 for all m ∈ N0.
(2) When y = yn(p, 1; q, 1) satisy p > −1 and 0 < q < 3, then it has a representing measure
with the support contained in [−1, 3], which is equivalent to Hm(y) ≥ 0 and Hm(3y + 2Ey −
E(Ey)) ≥ 0 for all m ∈ N0.
(3) When y = yn(p, 3; q, 2) satisy p > 3 − 2
√
2 and 0 < q < 3 + 2
√
2, then it has a representing
measure with the support contained in [3 − 2√2, 3 + 2√2], which is equivalent to Hm(y) ≥ 0
and Hm(−y + 6Ey − E(Ey)) ≥ 0 for all m ∈ N0.
(4) When y = yn(p, 3; q, 1) satisy p > 1 and 0 < q < 5, then it has a representing measure with the
support contained in [1, 5], which is equivalent to Hm(y) ≥ 0 and Hm(−5y+6Ey−E(Ey))≥ 0
for all m ∈ N0.
Surprisingly, our results for support intervals of the Catalan-like numbers perfectly match the
existing results for integral representations of well-known counting numbers.
Example 3.1. The Catalan-liken numbers in Example 1.1 are Hausdorff moment sequences.
(i) The Catalan numbers Cn, the shifted Catalan numbers Cn+1, the central binomial coefficients(
2n
n
)
, and the Fine numbers Fn have representing measures with compact support contained
in [0, 4]. For example, the Catalan numbers Cn and the central binomial coefficients
(
2n
n
)
are
uniquely represented by
Cn =
∫ 4
0
xn
(
1
2π
√
4− x
x
)
dx and
(
2n
n
)
=
∫ 4
0
xn
(
1
π
√
x(4 − x)
)
dx,
respectively. For more information about integral representations of the Catalan numbers, see
[19] and references therein.
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(ii) The Motzkin numbers Mn, the central trinomial coefficients Tn, and the Riordan numbers
Rn have representing measures with compact support contained in [−1, 3]. For example, the
Motzkin numbers Mn and the central trinomial coefficients Tn are represented by
Mn =
∫ 3
−1
xn
(
1
2π
√
(3− x)(1 + x)
)
dx and Tn =
∫ 3
−1
xn
(
1
π
√
(3− x)(1 + x)
)
dx,
respectively (See [18]).
(iii) The central Delannoy numbers Dn, the large Schro´der numbers rn, and the little Schro´der
numbers Sn have representing measures with compact support contained in [3−2
√
2, 3+2
√
2].
Dn =
∫ 3+2√2
3−2
√
2
xn
(
1
π
1√(
3 + 2
√
2− x)(x− 3 + 2√2)
)
dx.
This integral representations can be obtained from the integral form [20, Theorem 1.3]
(iv) The (restricted) hexagonal numbers hn has representing measures with compact support con-
tained in [1, 5].
Many well-known combinatorial numbers can be expressed as integrals with [a, b]-representing
measures. Remark that every Hausdorff moment sequence is determinate. Thus the Catalan-liken
numbers in Example 1.1 are determinate, which means that for each sequence there is the unique
measure, respectively. In [6] Berg and Szwarc prove that if a sequence y satisfies ∆m(y) > 0 form < s
while ∆m(y) = 0 for m ≥ s, then all Hankel matrices are positive semidefinite, and in particular,
y is a Hamburger moment sequence with a discrete measure µ such that
∣∣ supp(µ)∣∣ = s. Remark
that by Theorem 2.5, it holds ∆m(y) 6= 0, m ≥ 0 for any Catalan-like numbers. Thus the supports
of representing measures are not finite. Thus, the representing measures for Catalan-like numbers
cannot be expressed as simple finite discrete measures. Although we do not know how to obtain the
representing measure in general, Mnatsakanov[16] provided an approximation of the measure with
a given Hausdorff moment sequence. Remark that to find such approximations is required to check
if a given sequence is a Hausdorff moment sequence and to find the interval including the support.
Our result can be helpful to do it.
4. New sequences generated by Catalan-like numbers
4.1. Subsequences of Catalan-like numbers
Example 4.1. Consider the following sequence y = (yn)n≥0.
1, 0, 1, 0, 2, 0, 5, 0, 14, 0, 42, 0, 132, 0, 429, 0, . . . .
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It is easy to check that (yn)n≥0 is the Catalan-like numbers corresponding to (σ, τ) with σ =
(0, 0, 0, . . .) and τ = (1, 1, 1, . . .). Note that since det(Hm(y)) > 0 for all m ∈ N0 and det(H˜2(y)) =
−1, (yn)n≥0 is a Hamburger moment sequence, but it is not a Stieltjes moment sequence. However,
its subsequence, (y2n)n≥0, is a Stieltjes moment sequence which is the Catalan numbers.
This example motivates us to study subsequences of Catalan-like numbers. In [4] for a given
Hamburger moment sequence (yn)n≥0, it is shown that its subsequence (ynk)k≥0, given by nk = dk+ℓ
(d ∈ N0, ℓ ∈ 2N0) for all k ∈ N0 is always a Hamburger moment sequence. Also, a relationship
between Hamburger moment sequence and its subsequences via Cauchy transform is provided. For
multisequences, see [5]. In this paper we consider subsequences of Catalan-like numbers which admit
K-measures when K = R, K = [0,∞), or K = [0, 1].
By a subsequence of a sequence (yn)n≥0, we shall mean a sequence of the form (ynk)k≥0, where
each nk ∈ N0 and n0 < n1 < · · · .
Since almost all of the well-known Catalan-like numbers are positive sequences, we may find
some connections between their subsequences and consider subsequences of the classical K-moment
sequences for K ⊆ R. For given d, ℓ ∈ N0 consider the subsequence (ynk)k≥0, defined by
nk = dk + ℓ for all k ∈ N0. (4.1)
Theorem 4.1. Let K ⊆ R be a closed set. Let d ∈ N0 and letℓ ∈ N0 if K ⊆ [0,∞),ℓ ∈ 2N0 otherwise. (4.2)
If y = (yn)n≥0 is a K-moment sequence, then subsequence, y˜ = (y˜k)k≥0, defined by y˜k = ydk+ℓ for
all k ∈ N0, is a K˜-moment sequence, where K˜ = {xd|x ∈ K}.
Proof. Note that K˜ is a closed set. Since y admits a K-representing measure, the Riesz functional Ly
is K-positive. We will show that Ly˜(p) ≥ 0 for all p ∈ R[x] with p|K˜ ≥ 0. Let p(x) =
∑
pkx
k ∈ R[x]
such that p|
K˜
≥ 0. Since q(x) := p(xd)xℓ ≥ 0 on K, it follows that
Ly˜(p) =
∑
pky˜k =
∑
pkydk+ℓ = Ly(q) ≥ 0.
Thus, Ly˜ is K-positive. Therefore, by Theorem 2.1 y˜ admits a K˜-representing measure.
Corollary 4.1. If y = (yn)n≥0 is a (A)-moment sequence, then subsequence, y˜ = (y˜n)n≥0, is a
(B)-moment sequence with respect to even and odd numbers of d and ℓ as follows:
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d ℓ (A) (B) d ℓ (A) (B)
(−∞,∞) N/A (−∞,∞) N/A
odd [0,∞) [0,∞) odd [0,∞) [0,∞)
odd [0, 1] [0, 1] even [0, 1] [0, 1]
(−∞,∞) (−∞,∞) (−∞,∞) [0,∞)
even [0,∞) [0,∞) even [0,∞) [0,∞)
[0, 1] [0, 1] [0, 1] [0, 1]
Summary (i) If y is a Hausdorff (resp. Stieltjes) moment sequence, then y˜ is a Hausdorff
moment sequence (resp. Stieltjes) for all d, ℓ ∈ N0. (ii) If y is Hamburger moment sequence, then y˜
is a Hamburger moment sequence for all d ∈ 2N0 + 1 and ℓ ∈ 2N0. (iii) If y is Hamburger moment
sequence, then y˜ is a Stieltjes moment sequence for all d ∈ 2N0 and ℓ ∈ 2N0. (iv) If y is Hamburger
moment sequence, then y˜ may or may not be a Hamburger moment sequence for all d ∈ N0 and
ℓ ∈ 2N0 + 1.
Proof. By Theorem 4.1 it is easy to check that (i), (ii), (iii) are true. (iv) If y is a Hamburger moment
sequence which is a Stiltjes moment sequence, then it is trivial that y˜ is a Hamburger moment
sequence. Consider a Hamburger moment sequence which is not a Stieltjes moment sequence. Let
µ = 12δ−1 +
1
2δ2 and let
yk =
∫
R
xkdµ for all k ∈ N0.
Since y is a Hamburger moment sequence, it holds Hm(y) ≥ 0 for all m ∈ N0. However, its
subsequence y˜ with d = 1 and ℓ = 1 does not admit any K-representing measure with K = R.
Indeed, det([y˜i+j ]0≤i,j≤1) = − 92 < 0.
Remark that it is trivial that if (yn)n≥0 is a [0, 1]-moment sequence, then it is a Stieltjes moment
sequence and a Hamburger moment sequence, and similarly if (yn)n≥0 is a Stieltjes moment sequence,
then it is a Hamburger moment sequence.
Theorem 4.2. A necessary and sufficient condition for nk that the subsequence (ynk)n≥0 is Stieltjes
moment sequences for all Stieltjes moment sequences (yn)n≥0 is
nk = dk + ℓ for all k ∈ N0,
where d, ℓ ∈ N0.
Proof. (Sufficient condition:) Let y = (yk)k∈N0 be a Stieltjes moment sequence. Then by Corollary
4.1, it follows that (ynk)k≥0 is also Stieltjes moment sequence.
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(Necessary condition:) Suppose that there exists a nk such that nk is not of the above form, but
(ynk)k≥0 is Stieltjes moment sequence. Then there exist three consecutive terms ns, ns+1, ns+2 ∈ N0
such that ns+1 − ns 6= ns+2 − ns+1. At first we assume that ns+1 − ns < ns+2 − ns+1. Set
d = ns+1 − ns and a = ns. Then, ns+1 = a+ d, and ns+2 = a+ 2d+ e for e ≥ 1.
Consider the Stieltjes moment sequence whose representing measure is µ = δǫ with ǫ = 1/2.
Then, it follows that(
yns yns+1
yns+1 yns+2
)
=
(
ya ya+d
ya+d ya+2d+e
)
=
(
ǫa ǫa+d
ǫa+d ǫa+2d+e
)
(4.3)
is not positive definite, which is a contradiction. Note that unlike Hamburger moment sequence,
Stieltjes moment sequence have the principal submatrix which is of the form (4.3), regardless of even
and odd-ness of a.
When ns+1 − ns > ns+2 − ns+1, we can show a contradiction by a similar argument (use µ = δǫ
with ǫ = 2).
Remark that although y = (yn)n≥0 is the Catalan-like numbers, its subsequence (ynk)k≥0, defined
by nk = dk + ℓ for all k ∈ N0, is possibly not the Catalan-like numbers. For example, the sequence
in Example 4.1 is the Catalan-like numbers, but its subsequence (y˜k)k≥0, defined by y˜k = y2k+1, is
not the Catalan-like numbers, since ∆m(y˜) 6= 0 for all m ∈ N0.
A sequence y = (yn)n≥0 is called Stieltjes (resp. Hausdorff) Catalan-like numbers if it is a
Stieltjes (resp. Hausdorff) moment sequence and the Catalan-like numbers.
Theorem 4.3. If y = (yn)n≥0 is Stieltjes Catalan-like numbers corresponding to (σ, τ), then the
subsequence y˜ = (ynk)k≥0, defined by nk = dk + ℓ for all k ∈ N0, is Stieltjes Catalan-like numbers
corresponding to σ˜ = (s˜k)k≥0 and τ˜ = (t˜k)k≥1, where
s˜k =
Ly˜ [xP˜ 2k (x)]
Ly˜[P˜ 2k (x)]
and t˜k =
Ly˜[P˜ 2k (x)]
Ly˜[P˜ 2k−1(x)]
(4.4)
such that
P˜n(x) =
1
∆n−1(y˜)
det

yℓ yd+ℓ · · · ydn+ℓ
yd+ℓ y2 · · · yd(n+1)+ℓ
...
...
. . .
...
yd(n−1)+ℓ ydn+ℓ · · · yd(2n−1)+ℓ
1 x · · · xn

.
Proof. By Corallary 4.1 (1), the subsequence y˜ is a Stieltjes moment sequences. Since y is Stieltjes
Catalan-like numbers, it is a positive sequence and Catalan-like numbers. By Theorem 2.6 (3), it
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holds that Hm(y) > 0 for all m ∈ N0. Let λm and λ˜m be the smallest eigenvalue of Hm(y) and
H˜m(y˜). Since λm > 0 for all m ∈ N0, by Cauchy interlacing theorem it holds λ˜m > 0 for all m ∈ N0.
By Theorem 2.2 and 2.3, it is easy to find the explicit forms of σ˜ and τ˜ .
4.2. linear combinations of Catalan-like numbers
Now we consider new sequences which are linear combinations of consecutive Catalan-like num-
bers.
Let g(x) =
∑n
k=0 gn,kx
k ∈ R[x]. For a sequence y = (yk)k≥0, we define a new sequence Tg(y) =
(Tg(y)k)k≥0 by
Tg(y)k =
n∑
k=0
gn,kyn+k.
Theorem 4.4. Let g(x) =
∑n
k=0 gn,kx
k ∈ R[x] such that g|[a,b] ≥ 0. If y is an [a, b]-moment
sequence, so is Tg(y). The measure for Tg(y) is g · dµ, where µ is a representing measure for y.
Proof. Since y is an [a, b]-moment sequence, there exists a nonnegative measure, µ, such that
yn =
∫ b
a
xndµ, for all x ∈ N0.
Then it follows that
Tg(y)k =
n∑
k=0
gn,kyn+k =
∫ b
a
xkg(x)dµ =
∫ b
a
xkdµ˜,
where µ˜ = gdµ. Since Tg(y) is an [a, b]-moment sequence, it is determinate. Thus it has the unique
representing measure.
To see some results about the measure of subsequence, see [4].
Example 4.2. Let y be an [a, b]-moment sequence. Then the following are also [a, b]-moment
sequences.
(i) Tg(y) = (αyk + βyk+1)k≥0 with g(x) = α+ βx such that g|[a,b] ≥ 0.
(ii) Tg(y) = (−abyk + (a+ b)yk+1 − yk+2)k≥0 with g(x) = −(x− a)(x− b).
(iii) Tg(y) = (a2byk − (a2 + 2ab)yk+1 + (2a+ b)yk+2 − yk+3)k≥0 with g(x) = −(x− a)2(x − b).
Example 4.3. Consider new sequences of the Catalan numbers as follows.
(i) (Translation) The subsequence of Catalan numbers, (Cn+ℓ)n≥0, is uniquely represented by
Cn+ℓ =
∫ 4
0
xn
(
xℓ
2π
√
4− x
x
)
dx
15
(ii) (Moving with d steps) The subsequence of Catalan numbers, (Cdn)n≥0, is uniquely repre-
sented by
Cdn =
∫ 4d
0
xn
(
d
√
x1−d
2dπ
√
4− d√x
d
√
x
)
dx.
(iii) ( Linear combinations ) The new sequence C˜ := (C˜n)n≥0 = (4Cn+1−Cn+2)n≥0 is uniquely
represented by
C˜n =
∫ 4
0
xn
(√
x(4 − x)3
)
dx.
Note that they are all [0, 4]-Hausdorff moment sequences. Thus they have unique representing
measures, respectively.
5. Remarks
(i) Let g(x) =
∑n
k=0 gn,kx
k ∈ R[x]. If g|[a,b] ≥ 0, then Tg(y) is an [a, b]-moment sequence for any
[a, b]-moment sequence y. In other words, For a sequence y = (yk)k≥0, the linear combinations
of consecutive Catalan-like numbers
Tg(y)k =
n∑
k=0
gn,kyn+k.
is an [a, b]-moment sequence for any [a, b]-moment sequence y. It is questionable what is
a necessary and sufficient condition for a function g ∈ R[x] that Tg(y) is an [a, b]-moment
sequence for all [a, b]-moment sequence y.
(ii) In this article we do not consider Catalan-like numbers which is not of the form y(p, s; q, t).
Some well-known counting numbers do not have such form. For instance, the Bell numbers Bn
has σ = τ = (1, 2, 3, 4, . . .). It was shown that the Bn is Stieltjes moment sequence. However,
we do not know whether it is a Hausdorff moment sequence.
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